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Abstract—Ensuring the resilience of power system is the
prerequisite for maintaining its normal operation after the occur-
rence of natural disasters. This paper proposes a data-driven
transmission defense planning (DTDP) model to address the
power system resilience issue against extreme weather events.
DTDP enables the determination of the optimal resilience
enhancement portfolio, including line hardening and construc-
tion. The target events of DTDP are selected according to
survivability based severity indices. The component survivability
and post-disaster system failure state are treated as random vari-
ables in two separate levels, and the selected historical data are
used to construct the confidence sets of their ambiguous proba-
bility distribution. Thus, the man-made uncertainty budget can
be avoided and the expected economic loss under the worst-case
distribution is minimized. Moreover, a sparsification method of
system failure states is designed to boost computational efficiency.
The effectiveness of DTDP and its solution method are verified
on a six-bus test system and RTS-79 system. The results demon-
strate that the DTDP can obtain a better defense plan compared
to other optimization techniques.

Index Terms—Transmission defense planning, power system
resilience, distributionally robust optimization, extreme weather
events, component survivability.

NOMENCLATURE

Indices and Sets

�F/s Set/indices of system failure states that cause
loadshed

�sa/�su Set of components that survive/do not sur-
vive the extreme event in state s

�Fl Subset of �F in whose failure states trans-
mission line l fails

�TE/e/Ne Set/indices/number of target extreme events
�RE/n/Np Set/indices/number of representative

extreme events
B Feasible region of available defense plans
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D Confidence set of probability distribution for
the survivability vector

W Confidence set of probability distribution for
the survivability vector

O Feasible region of system operation
�S Supporting space of the survivability vector

for all transmission lines
�z Supporting space of failure status vector
�zK Subspace of �z with K contingency level
�l/l/Nl Set/indices/number of transmission lines
�C

l Set of candidate transmission lines
�b/b Set/indices of buses
�g/m Set/indices of generation units
�+

l (b)/�−
l (b) Set of transmission lines flow into/out of

bus b
�g(b) Set of generation units connected to bus b
�h/k Set/indices of hardening plans.

Parameters

κ Sensitivity factor of failure rate to wind
speed

wthr Threshold wind speed for failure rate func-
tion

λnorm Component failure rate under normal condi-
tion

Snorm
l Survivability of transmission line l under

normal condition
f TE Annual average frequency of target events
ωL

b Unit cost of load shed at bus b
LDb Ratio of loadshed at bus b
PL

b Load demand at bus b
cu

l Investment cost for construction of transmis-
sion line l

ch
lk Investment cost for hardening of transmis-

sion line l with plan k
�max Budget of defense planning
PK

n,min/PK
n,max Upper/lower bound of K-level failure prob-

ability under representative event n
Kmax Maximum contingency level
Gl/Bl Conductance/susceptance of transmission

line l
GB

b /BB
b Shunt conductance/susceptance at bus b

Pg
m/Pg

m Upper/lower limits of real power output for
generation unit m
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Vb/Vb Upper/lower limits for voltage amplitude at
bus b

θb/θb Upper/lower limits for voltage angle at bus
b

M Large value constant.

Functions and Variables

λw
t (·) Component failure rate at time t during the

extreme event
wt Wind speed at time t during the extreme

event
L(s) Loadshed of failure state s
Se

l Survivability of transmission line l under
extreme event e

Snl(·) Survivability of transmission line l under
representative event n

ul Binary investment variables for transmission
line construction

hlk Binary investment variables for transmission
line hardening

Qn/̂Qn Actual/Reference probability on the repre-
sentative point n of survivability vector

r+
n /r−

n Auxiliary variables for measuring the posi-
tive/negative deviation of Qn from ̂Qn

v+
nn′/v−

nn′ Auxiliary variables for measuring the posi-
tive/negative transfer quantity from represen-
tative point n to n’

d<n,n′> Distance function between representative
points n and n’

zl Failure Status of transmission line l
P(z) Probability of failure status vector
Pg

m/Qg
m Real/reactive power output of generation

unit m
Pf

l /Q f
l Real/reactive power flows on transmission

line l
Vb/θb Voltage amplitude/angle at bus b.

I. INTRODUCTION

THE INCREASINGLY frequent natural disasters are
putting pressure on the current design of power systems.

It has been reported [1] that the extreme weather events,
although with low probability, account for a large proportion
of power outages and loadshed worldwide. In December 2012,
the hurricane Sandy swept the northeast region of the United
States, causing a loss of more than 50 billion dollars [2].
The more recent super typhoon invading southeast coast
of China tripped over 429 power lines, leaving more than
1.26 million households without power. These issues reveal
the deficiency of most of the conventional planning methods
currently adopted by power system planners and lead to their
ill-preparedness in the face of extreme weather conditions.

Transmission defense planning (TDP) has been proposed
to design the topology of transmission network so as to
enhance its resilience under extreme events [3]. According
to [4], resilience is defined as the ability to anticipate, adapt to
and/or rapidly recover from disruptive events. With an empha-
sis on the adaptation, TDP can only achieve the best defense

plan by following an accurate description of extreme event
uncertainties [5].

Simulation based heuristics, scenario based stochastic
optimization, and robust optimization are three common
approaches to deal with TDP. Theoretically, the uncertainty
of extreme weather events can be most accurately depicted by
a simulation-based model. In [6], the non-sequential Monte-
Carlo simulation and particle swarm algorithm are used to
plan the optimal reliability parameters under normal condi-
tion. A sequential Monte-Carlo based simulation model was
proposed to assess the effect of extreme weather and differ-
ent enhancement measures on power system resilience [7].
In [8], a framework was designed to capture the uncertainties
under severe weather conditions and dynamic system states.
The wind field model was developed to quantify the grid
resilience under a certain typhoon event [9]. The weather-
induced interruptions were also predicted using the chronolog-
ical data, considering multiple weather parameters [10]. The
Boolean logic driven Markov process is utilized to simulate the
dynamics of smart grid under variable weather conditions [11].
Nevertheless, the simulation under extreme events takes much
more time than that under the normal condition. Thus, simu-
lation based methods are not widely applied to determine the
optimal combination of defense strategies.

In stochastic optimization, the expected system loss of all
scenarios is set as the objective function. The scenario reduc-
tion technique has been used to cut down the computation
time [12]. For example, six failure states corresponding to two
earthquake events were considered to represent all possible
scenarios [13]. The component states are sampled according
to their failure probability to cope with the decision-dependent
uncertainty [14], [15]. The roles of battery storage and pho-
tovoltaic generation in power system resilience were also
studied [16]. The event-induced failures are characterized by
the concept of capacity accessibility, and various scenarios are
used to consider different patterns of PV generation. But the
limited number of scenarios used in stochastic optimization
often fails to represent the entire space of uncertain
variables.

Several recent papers have considered the defender-attacker-
defender (DAD) model to overcome the drawbacks of stochas-
tic optimization [17]–[19]. The DAD model is initially
designed to cope with the worst-case failure state under mali-
cious attack. DAD requires fewer input data and is robust
in preventing large scale power outages [20]. To capture the
spatial-temporal dynamics of extreme weather, a multi-stage
multi-zone uncertainty set was designed [21] and extended to
the field of integrated electricity and natural gas system [22].
This approach was also adopted in similar problems with the
renewable energy integration [23]. However, the current three-
level DAD model has some shortcomings. One is it is not
able to differentiate the failure probability of individual com-
ponent. Another is the DAD model assumes that the hardened
components are not influenced by the weather events. This
assumption is not practical in engineering applications. Thus,
approaches based on information theory have been proposed
to adapt the uncertainty sets under the assumption that the fail-
ure of the component with lower failure probability takes up
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larger uncertainty budget [24], [25]. The DAD models gener-
ally encounter the following deficiencies. 1) The model does
not make full use of extreme events data. Instead, the results
heavily rely on the uncertainty budgets, which may be prone
to misjudgment. 2) DAD considers the cost-efficiency under
the worst-case failure state only, not all the failure states. As
a result, the situation of over-conservatism often occurs.

To overcome these challenges, this paper proposes a data-
driven transmission defense planning (DTDP) model to
enhance the system resilience against extreme weather events.
DTDP is developed based on the distributionally robust
optimization theory [26], [27]. Two primary defense measures,
the line hardening and the line construction, are coordinated to
yield the optimal scheme. The DTDP model learns the spatial
distribution of weather intensity from historical meteorological
data, which are transformed into component survivability by
fragility models to represent the marginal probability of post-
event system failure states. Thus, the proposed DTDP model
does not need weather-related failure records to infer credible
failure probability distributions of transmission lines.

Contributions of the paper include the following:
• Propose severity indices of extreme weather events to

select the input data for the DTDP so that a tradeoff between
the resilience and cost can be achieved.

• Establish a four-level DTDP model. The model uses his-
torical data of extreme events to treat the uncertainties of
disaster intensity and system failure states in two separate lev-
els, while minimizing the expected economic loss under the
worst-case probability distribution. It is less conservative than
the traditional DAD model and is able to differentiate the fail-
ure probabilities of different transmission lines under various
extreme events.

• Devise a sparsification method to reduce the number of
failure states used in the DTDP model so that the computa-
tional efficiency is improved significantly.

The rest of this work is organized as follows: Section II
presents the concept of component survivability and the
selection of target extreme events. Section III describes the
framework of DTDP model. Section IV introduces the solu-
tion method of DTDP. Numerical results obtained from
a modified 6-bus and IEEE RTS-79 systems are presented
to demonstrate the effectiveness of the proposed method in
Section V. Section VI draws the conclusion.

II. SELECTION OF TARGET EXTREME EVENTS

The data selection of extreme events is important for
DTDP. For example, events with severe consequences but low
occurrence rate could be ignored in the initial stage due to sub-
stantial investment required to deal with them. However, these
events could be included given that the utility owners seeks
to improve the system resilience further. In this section, the
concept of component survivability is presented firstly, which
is then used to select the target events for DTDP.

A. Component Survivability

Component failure in an extreme weather event has the
following characteristics:

• The duration of extreme weather event is very short
compared to that of normal weather condition.

• As it is difficult to commit restoration effort under
extreme weather, the status of a component typically remains
unchanged once it fails until the end of the event.

Therefore, from the perspective of a long-term planning
problem, it makes sense to judge the severity of an extreme
event by the post-event outage scenario at its end time.
Realization of these outage scenarios can be decided by
the component survivability. The component survivability is
defined as the probability of a component maintaining its nor-
mal operation after going through an extreme weather event.

In this paper, windstorm is regarded as the primary event
type and only its influence on overhead transmission lines
is considered. Hence, the component survivability is directly
derived from fragility model in [28], in which the failure rate
of any component at time t can be expressed as:

λw
t (wt) =

[

1 + κ

(

w2
t

wthr
2
−1

)]

· λnorm (1)

where wthr represents the wind speed threshold starting to
affect the failure rate. κ represents the sensitivity factor of
failure rate to wind speed at time t, wt. Larger κ implied the
component is more vulnerable to the strong wind. λnorm repre-
sents the failure rate under normal condition. The failure rate
starts to rise once the wind speed rise above wthr.

Then, the component survivability can be calculated using
the survival function [29]:

S(te|t0 ) = P(z(te) = 0|z(t0) = 0) = exp

{

−
∫ te

t0
λw

t (wt)dt

}

(2)

where t0 and te denotes the start and end of the studied extreme
event. z(t) represents the component damage status at time t
(1 denotes the damage status and 0 otherwise).

Next, a transmission line composed of its conductor and
towers is considered. The overall survivability of a transmis-
sion line can be expressed as

Se
l = 1 −

Nlp
∏

i=1

(−Se
li

)

Nlc
∏

j=1

(

1 − Se
lj

)

(3)

where Se
l , Se

li and Se
lj represent the survivability of transmission

line l, the ith tower of l and the jth segment of its conductor in
the extreme event e, respectively. Nlp denotes the number of
towers in transmission line l and Nlc the number of conductor
segments.

B. Target Events Selection Based on Severity Index

1) Exact Indices: The power system may have many poten-
tial failure states after extreme events. The severity of these
events can be identified by the exact indices using component
survivability.

1) Post-event Loss of Load Probability (LOLP-E)

LOLP − E =
∑

s∈�F

⎛

⎝

∏

l∈�sa

Se
l

∏

l∈�su

(

1 − Se
l

)

⎞

⎠ (4)
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2) Post-event Expected Power Not Supplied (EPNS-E)

EPNS − E =
∑

s∈�F

⎡

⎣

⎛

⎝

∏

l∈�sa

Se
l

∏

l∈�su

(

1 − Se
l

)

⎞

⎠ · L(s)

⎤

⎦ (5)

where �F is the set of scenarios that lead to the loadshed of
system. �sa represents the set of components that survive the
extreme event in state s, and �su those do not survive. L(s)
denotes the loadshed of state s. These two indices are exact as
they account for all the potential failure states. Moreover, they
can be used to evaluate the system robustness after defense
planning.

2) Approximate Index: The calculation of above indices
can be time-consuming. Since a large number of candidate
events need to be checked before running the DTDP model,
an approximate index, Weighted Component Survivability
Deterioration Ratio (WCSDR), is developed for fast screening.

WCSDR =
∑

l∈�l
FPFl

(

Snorm
l − Se

l

)

/Snorm
l

Nl
(6)

where

FPFl =
∑

s∈�Fl
L(s)

∑

s∈�F
L(s)

(7)

Snorm
l is the survivability of transmission line under the nor-

mal weather condition. �Fl is a subset of �F that transmission
line l does not survive the event. FPFl represents the fail-
ure participation factor that signify the importance of each
component. It only has to be calculated once for all extreme
events.

The events with the severity index in the target range will
be included in a set �TE and is served as the input data to the
DTDP model.

III. PROPOSED DTDP MODEL

A. Model Overview

The DTDP intends to deal with the uncertainty of disaster
intensity and system failure states simultaneously. Considering
the correlations between these two kinds of uncertainties, the
overall formulation of DTDP can be expressed in (8), as shown
at the bottom of the next page, and depicted as a four-level
model shown in Fig. 1.

The objective of DTDP is to minimize the expected loss of
load as a consequence of potential extreme events. The high-
est level (Level I) decides the optimal defense plan and is
named the planning decision problem (PDP). Level II accepts
historical information on all extreme events and deals with
the probability distribution of disaster intensity. It is called the
long-term performance problem (LPP). Level III uses the com-
ponent survivability modified by hardening decisions to handle
the probability of failure states. It is called the short-term
performance problem (SPP). Level IV is the lowest level and
is also called the system response problem (SRP). It gives the
optimal response to a certain failure state considering newly
constructed lines.

In (8), u and h are the decision variables of line installation
and hardening, respectively. x is the system dispatch variables

Fig. 1. The proposed framework of data-driven transmission defense
planning.

under failure states. ωL
b , LDb and PL

b represents the unit cost
of loadshed, the ratio of loadshed and the load demand at
bus b, respectively. B is the set of available line installation
and hardening strategies. O is the feasible region of system
operation conditions. S represents the vector of survivability
for all transmission lines and �S denotes the support of its
probability density Q(S). f TE is the annual average frequency
of the target events and z represents the post-disaster status of
transmission lines with its probability P(z) defined on �z.

The linchpin of the DTDP model lies in the characterization
of uncertainties of extreme events by the two max(·) operations
in the middle of (8). These two operations are discussed below.

• The first max(·): Intuitively, the transmission lines located
in the coastal region are more vulnerable to extreme weather
such as typhoon. To quantify this knowledge, the vector of
component survivability S in the first max(·) is treated as
a multivariate uncertain variable (unlike Se

l in Section II, which
are determined for each specific event and treated as samples
of S here) since they reflect the pattern of disaster intensity
under different events. S is assumed to follow an ambiguous
distribution because it only can be learned from a limited num-
ber of samples in �TE. In other word, its probability density
function (PDF), Q(S), is allowed to fluctuate within an con-
fidence set D and max(·) is used to hedge against the worst
realization of Q(S). Detailed formulation of D is discussed in
Section III-B.

• The second max(·): To represent the uncertainty of post-
disaster system state, z is regarded as an uncertain variable.
The confidence set of its distribution, W, is directly determined
by the line survivability S delivered from the upper level,
which will be detailed later in Section III-C. The expression
in the second max(·) can be viewed as a system performance
indicator once S is fixed. It has advantages over both EPNS-
E in Section II and the maximum N-k contingency loadshed
used in the three-level DAD model. Compared to EPNS-E, it
emphasizes the scenarios with larger loadshed by the max(·)
that the decision makers expects to dodge. The max(·) oper-
ation only requires the marginal probability of failure states,
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thus remains tractable for solution when a lot of failure states
are considered. Compared to the worst-case loadshed, it is
still an expected value as it integrates the system performance
under all failure states in �z, rather than just the worst state.

Each problem in model (8) can be expressed as the follow-
ing equations:

PDP = min
(u,h)∈B

LPP(u, h) (9)

LPP(u, h) = max
Q(S)∈D

f TE
∫

�s

SPP(u, h, S)dQ(S) (10)

SPP(u, h, S) = max
P(z)∈W(S,h)

∫

�z

SRP(u, z)dP(z) (11)

SRP(u, z) = min
x∈O(u,z)

∑

∀b

ωL
b LDbPL

b (12)

Details of each problem are given in the subsequent
sections.

B. Planning Decision Problem

The planning decision problem is designed to obtain an
optimal planning decision while minimizing the objective of
lower level problems. The available set for these planning
decisions can be expressed as:

B =

⎧

⎪

⎨

⎪

⎩

u, h

∣

∣

∣

∣

∣

∣

∣

∑

k∈�h
hlk = 1 (13.a)

ul = 1∀l ∈ �E
l (13.b)

∑

l∈�C
l

cu
l ul +∑l∈�l

∑

k∈�h
ch

lkhlk = �max. (13.c)

⎫

⎪

⎬

⎪

⎭

(13)

In (13), hlk are the line hardening decision variables and ul

the line construction decision variables. hlk is set to 1 once
the kth hardening plan is chosen for transmission line l. ul is
set to 1 if line l is constructed. cu

l and ch
lk are the cost of the

line construction and hardening respectively. Constraints (13.a)
state that only one hardening plan can be chosen for each
transmission line. Constraints (13.b) force the ul of the existing
transmission line to be 1. Constraints (13.c) set an upper bound
on the total defense budget allocated to line construction and
hardening.

C. Long-Term Performance Problem

LPP aims to obtain the expected economic loss under
the uncertain distribution of disaster intensity represented
by S.

It is not possible to ascertain the exact probability density on
each point of �s. Thus, Np discrete representative points (RP)
are used to represent the continuous space of component sur-
vivability. The values of RPs and their reference distribution
̂Q can be calculated from the set of target events, �TE. The
procedure is described by Algorithm 1. Denote the survivabil-
ity vector and actual probability of the nth RP as Qn and Sn,

Algorithm 1 The Calculation of Representative Points and
Reference Distribution in LPP
Step 1: Classify the target events according to the K-means
algorithm, and set the centroid of each cluster at each RP, Sn.
Step 2: Calculate the Euclidian distance between target event
and representative point. For example, the distance between
the ith element in �TE and the nth RP is

d<i,n> = ‖Si − Sn‖2. (15)

Step 3: Allocate each element in �TE to the correspond-
ing representative point with minimum distance. Calculate the
number of elements allocated to each RP, F. The reference
distribution for RPs can be obtained

̂Q =
[

F1

FT
,

F2

FT
, . . . ,

Fn

FT

]

. (16)

the LPP of (10) is rewritten as:

LPP(u, h) = max
Q(S)∈D

f TE
Np
∑

n=1

Qn · SPP(u, h, Sn). (14)

As mentioned in Section III-A, the reference distribution ̂Q
could deviate from the actual distribution Q as it is obtained
through finite target events. Since Q is not exactly known, it is
allowed to take any value in a ̂Q-centered confidence set (17).

D =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

Q ∈ [0, 1]n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

Np
∑

n=1
Qn = 1 (17.a)

L1 =
Np
∑

n=1

(

r+
n + r−

n

) = α1 (17.b)

L∞ = r+
n + r−

n = α∞ (17.c)
̂Qn + r+

n − r−
n = Qn, ∀nv (17.d)

Lw = ∑

∀(n,n′)
d<n,n′>

(

v+
nn′ + v−

nn′
) ≤ αW (17.e)

̂Qn +∑
n′

(

v+
nn′ − v−

nn′
) = Qn, ∀n (17.f)

r+
n , r−

n , v+
nn′ , v−

nn′ = 0, ∀n, n′ (17.g)

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(17)

Constraint (17.a) states that the sum of probability must be
equal to 1. Constraints (17.b)-(17.d) use non-negative vari-
ables r+

n , r−
n to measure the 1-norm distance, L1, and the

∞-norm distance, L∞. The Wasserstein distance Lw is con-
strained in (17.e). The upper bounds of L1, L∞ and Lw

under confidence level β are given, respectively, by (18), (19),
and (20) [30]:

α1 = Np

2Ne
ln

2Np

1 − β
(18)

α∞ = 1

2Ne
ln

2Np

1 − β
(19)

αw = lS

√

2

Ne
· log

(

1

1 − β

)

(20)

min
(u,h)∈B

max
Q(S)∈D

{

f TE
∫

�S

[

max
P(z)∈W(S,h)

∫

�z

min
x∈O(u,z)

∑

∀b

ωL
b LDbPL

bdP(z)

]

dQ(S)

}

(8)
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Fig. 2. The distribution distance between the reference distribution and
the actual distribution. (a) Reference distribution. (b) Actual distribution 1,
L1 = 0.2, L∞ = 0.1, Lw = 0.02. (c) Actual distribution 2, L1 = 0.2,
L∞ = 0.1, Lw = 0.08.

Although L1 and L∞ are sufficient to ensure that Q is iden-
tical to ̂Q when infinitely many target events are fed into
LPP [31], the Wasserstein distance Lw modelled in (17.e-17.f)
facilitates its convergence. The metric Lw assumes that ̂Q could
be transformed into Q by “transferring” the probability of the
RP, n, to that of another RP, n′, with the per unit cost equal
to the distance between them. The distance d<n,n′> can be
gauged by v+

nn′ and v−
nn′ . The advantage of Lw is illustrated

in Fig. 2. Suppose that Fig. 2(a) depicts the shape of refer-
ence distribution, ̂Q, while 2(b) and 2(c) depict two actual
distributions defined on D. The horizontal axis stands for the
supporting space and the vertical axis the probability density of
the distribution. Despite that distribution (b) resemble distribu-
tion (a) more than (c), their L1 and L∞ distance to (a) remain
the same. Their difference can only be set apart by Lw. This
implies that Lw enforces a stricter bound on the size of D than
L1 and L∞, preventing the overestimation issue for LPP.

D. Short-Term Performance Problem

Once an RP of component survivability is delivered from
the upper-level LPP, SPP managed to minimize the expected
system loss under the worst-case probability distribution of
system failure states. The confidence set W can be expressed
as (21):

W(Sn, h)

=

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

f (z) ∈ R+(�z)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

�z
P(z)dz = 1 (21.a)

∫

�z
zldP(z) = 1 − Snl(hlk),∀l (21.b)

PK
n,min ≤ ∫

�zK
P(z)dz ≤ PK

n,max,∀K (21.c)

�z =
{

z ∈ {0, 1}Nl

∣

∣

∣

∣

∣

|z| = Kmax,

∀l ∈ �l

}

(21.d)

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(21)

Here, post-disaster line status vector z is assumed to be
a Nl-dimension binary vector, with value 1 assigned to the cor-
responding outaged line. �zK represents the subspace of failure
states with K contingency level (those states that contain K
line failures). Constraint (21.a) describes the basic property
of probability distribution similar to (17.a). Constraints (21.b)
ensures that the probability distribution of failure states share
the same marginal probability as its original distribution used
in the calculation of EPNS − E, regarding each transmission
line. Constraint (21.c) restricts the probability of failure states
with K contingency level. Constraint (21.d) states that up to
Kmax line outages are considered in the outage scenario. The

Algorithm 2 Probability Interval Estimation of K-Level
Failure States
Step 1: Calculate the survivability under each hardening strat-
egy for all transmission lines. The minimum and maximum
value for each line are denoted as Snl,min and Snl,max.
Step 2: Set the iteration index i = 1 for each line l. Initialize
its current survivability S1

nl = Snl,min. Calculate the K-level
failure state probability, PK

n,h1, using the stratified sampling
method [32]. Set the update step of survivability to 
Snl =
Snl,max−Snl,min

Nc
, whereNc is the total iteration number.

Step 3: i = i+1. If i > Nc, then STOP. Determine the upper
and lower bounds for the probability of K-level failure states
by
⎧

⎨

⎩

PK
n,min = min

(

PK
n,h1, PK

n,h2, . . . , PK
n,hNc

)

PK
n,max = max

(

PK
n,h1, PK

n,h2, . . . , PK
n,hNc

) , ∀K = Kmax (22)

Otherwise, GOTO Step 4.
Step 4: Update the survivability of each line by Sv

nl =
Sv−1

nl +
Snl. Calculate the corresponding probability of K-level
Failure states, PK

n,hv. GOTO Step 3.

outage scenario with more than Kmax outages is considered to
have a trivial probability and is neglected.

Snl(hk) in (21.b) represents the component survivability of
the nth RP in LPP, corrected by the kth hardening strategy
in PDP. Constraints (21.b) are essential to ensure that the
improvement of component survivability will lead to a shrink-
ing feasible region defined by W. This will immediately result
in the decrease of (11) because (11) is maximized over W.
Moreover, note that only zl participated in the left side (21.b).
Therefore, the change of Snl only impacts the system states
that involve the failure of line l. Therefore, the hardening of
the line whose failure contributes more to the loadshed will
be prioritized.

The probability of high-level failure states with severe
consequence could still be exaggerated if only (21.b) is
enforced. Thus, (21.c) is introduced. The probability of K-level
failure states is bounded by an interval [PK

n,min, PK
n,max],

rather than a fixed value, because its exact value could
be revealed once the hardening strategy is determined in
PDP. The probability of K-level failure states corresponding
to the optimal defense plan is allowed to lie on any point
within this interval. This interval can be estimated following
Algorithm 2.

E. System Response Problem

SRP can be expressed as in (23). It provides the optimal
system response towards a certain failure state z. Fuel cost of
the generating units is omitted because the loadshed cost is
the primary concern in a defense planning model. The trans-
mission line repair is not considered in the model because the
repair time and the available resources (such as repair crews,
spare components) are difficult to estimate at the planning
stage. Nevertheless, SRP does not pose problems in integrat-
ing the repair dispatch model such as [33] and [34], which
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will be addressed in the future research.

O(u, z)

=

⎧
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⎪
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⎪
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⎪

⎪

⎪

⎪

⎪
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⎪

⎪

⎪

⎨
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⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪
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⎪

⎪

⎪

⎪
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⎪

⎪

⎪

⎪

⎪

⎩

x

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∑

m∈�g(b) Pg
m +∑l∈�+

l (b) Pf
l = GB

b (2Vb − 1)

+ (1 − LDb)PL
b +∑l∈�−

l (i) Pf
l ∀b ∈ �b

(23.a)

∑

m∈�g(b) Qg
m +∑l∈�+

l (b) Qf
l = −BB

b (2Vb − 1)

+ (1 − LDb)QL
b +∑l∈�−

l (b) Qf
l ∀b ∈ �b

(23.b)

−(zl + 1 − ul)M ≤ Pf
l − [Gl

(

Vs(l),t − Ve(l),t
)

− Bl
(

θs(l),t − θe(l),t
)] ≤ (zl + 1 − ul)M,∀l ∈ �l

(23.c)

−(zl + 1 − ul)M ≤ Qf
l,t + [Bl

(

Vs(l),t − Ve(l),t
)

+ Gl
(

θs(l),t − θe(l),t
)] ≤ (zl + 1 − ul)M,∀l ∈ �l

(23.d)

ulP
f
l ≤ Pf

l,t ≤ ulP
f
l ,∀l ∈ �l (23.e)

(1 − zl)P
f
l ≤ Pf

l,t ≤ (1 − zl)P
f
l ,∀l ∈ �l (23.f)

Pg
m ≤ Pg

m = Pg
m,∀m ∈ �g (23.g)

Vb ≤ Vb ≤ Vb,∀b ∈ �b (23.h)

θb ≤ θb ≤ θb,∀b ∈ �b (23.i)
0 ≤ LDb ≤ 1,∀b ∈ �b (23.j)
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⎪

⎪

⎪

⎪
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⎪
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⎪

⎪

⎪

⎪
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⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(23)

A linear programming approximation of AC power
flow (LPAC) in [35] is adopted in (23). Constraints (23.a) and
(23.b) establish the nodal active/reactive power balance equa-
tion. Constraints (23.c)-(23.f) model the transmission line flow
and then restrict them to their capacity. For a candidate line, if
it is not built (ul = 0) or fails due to extreme weather (zl = 1),
its line flow is forced to be 0. The allowable range for generat-
ing unit output, voltage amplitude, voltage angle and loadshed
are specified in (23.g)-(23.j).

IV. SOLUTION METHOD AND FAILURE STATE

SPARSIFICATION

In this section, the solution method of DTDP model is dis-
cussed. A simplified model using the sparsification method is
developed to reduce the computational complexity.

A. Solution Method

The max(·) in the two middle levels disabled the direct
solution of the DTDP model. Since numerous states exist in
�z, SPP could be deemed approximately as a semi-infinite
programming problem with infinite variables.

The structures of the two upper levels are discussed first.
The objective of SPP for each RP of LPP are denoted as a vec-
tor SPP = [SPP(u, h, S1), . . . , SPP(u, h, Sn)]T, and (8) can be
written in a compact mathematical form:

min
u,h

max
Q

SPPTQ (24.a)

s.t. Cu + Dh ≥ d (24.b)

[INpINp ]T(Q −̂Q) = Fr + Gv : [ε] (24.c)

Hr + Iv ≤ α : [μ] (24.d)

where C to I denotes the parameter matrix to the corre-
sponding variables. d and α represents the right hand side
constants. r and v represents the vector of r+

n , r−
n in (17.b)

and v+
nn′ , v−

nn′ in (17.e). INp denotes a Np-dimension identity
matrix. Constraint (24.b) represents (13). Constraint (24.c) rep-
resents (17.a), (17.d) and (17.f). Constraint (24.d) represents

(17.b), (17.c) and (17.e). ε and μ are the dual variables of the
corresponding constraints.

(25) can be obtained by dualizing the maximization problem
in the lower level in (24) :

min
u,h,ε,μ=0

̂QT[INpINp

]

ε + αTμ (25.a)

s.t. (21.b) (25.b)

HTμ − FTε ≥ 0 (25.c)

ITμ − GTε ≥ 0 (25.d)
[

INp INp

]

ε ≥ SPP. (25.e)

Since other constraints in (25) are linear, the whole
problem boils down to the treatment of (25.e). Detach (25.e)
into component-wise constraints and replace its right side
with (11):

{[

INpINp

]

ε
}

(n)
≥ max

P(z)∈W(Sn,h)

∫

�z

SRP(u, z)dP(z),∀n (26)

Assign λn, τ n, π1
n and π2

n as the dual variables for (21.a),
(21.b) and (21.c), the integral operator can be eliminated by
applying the strong duality theory.
{[

INp INp

]

ε
}

(n)
≥ min

(λn,τn,π1
n,π2

n)∈WD
n

λn + [1Nl − Snl
]T

τ n

− PK
n,min

T
π1

n + PK
n,max

T
π2

n,∀n (27)

W
D
n =

⎧

⎪

⎨

⎪

⎩

λn, τ n,

π1
n,π

2
n

∣

∣

∣

∣

∣

∣

∣

λn + zTτ n − δK(z)T(π1
n − π2

n

)− SRP(u, z) ≥ 0

∀z ∈ �z (28.a)

π1
n,π

2
n ≥ 0 (28.b)

⎫

⎪

⎬

⎪

⎭

where

SRP(u, z) = min
x

cTx (29.a)

s.t. Jx + Lu + Mz ≥ e : [ξ ] (29.b)

1Nl is a Nl × 1 vector with all elements set to 1. δK(z)
is mapped to 1 when the number of element 1 in z is K.
The coefficients of ε on the left side of (27) are always non-
negative and (u, h,λn, τ n,π

1
n,π

2
n) are independent of ε and

μ. This indicates that imposing smaller value on its right side
will relax the constraint and lead to an objective value no
worse than the original one. The right side of (27) will be
automatically minimized under W

D
n if (25.a) is to be opti-

mized. Therefore, the min(·) in (24) could be removed with
no impact on the result of (25).

Constraint (28) requires that (28.a) holds for all possible z.
The discrete nature of z denies the application of duality
theory. At this point, an iterative dual cutting plain addi-
tion algorithm (Algorithm 3) can be employed to solve this
problem.

B. Sparsification of Failure State Space

In the solution procedure of Section IV-A, the computa-
tional challenge primarily comes from the size of failure state
space (FSS), �z in SPP. Larger �z requires more failure sce-
nario ẑr to be identified in Algorithm 3 so that (28.a) can
hold.

The problem becomes more serious for FSS with high con-
tingency level (FSS-H), compared to that with low contingency

Authorized licensed use limited to: b-on: Universidade de Coimbra. Downloaded on April 27,2025 at 07:13:58 UTC from IEEE Xplore.  Restrictions apply. 



2264 IEEE TRANSACTIONS ON SMART GRID, VOL. 11, NO. 3, MAY 2020

Algorithm 3 Dual Cutting Plain Addition Algorithm for
DTDP
Step 1: Set the current bound CB = −∞, the number of iteration
r=1, the index of the current RP in the subproblem n=1. The collec-
tive set of cutting planes from the subproblems are denoted as CUTr .
CUT1 = ∅.
Step 2: Solve the following master problem.

MPr = (22.a) (30.a)
s.t.(22.b − 22.d, 25.b), CUTr

{[

INp INp

]

ε
}

(n)
≥ λn + [1Nl − Snl]

T
τn − PK

n,min
T
π1

n (30.b)

+ PK
n,max

T
π2

n, ∀n. (30.c)

Obtain the solution (̂ur,̂hr
,̂λ

r
n, τ̂ r

n, π̂
1,r
n , π̂

2,r
n ) at the rth iteration and

update CB using MPr .
Step 3: By taking the dual of SRP in (34), establish the subproblem

SPr = max
ξ≥0,z∈�z

eTξ −̂λr
n − zTτ̂ r

n + δK(z)T
(

π̂
1,r
n − π̂

2,r
n

)

(31.a)

JTξ ≤ c (31.b)
(

1Nl
)T

z = 〈Kmax〉TδK(z) (31.c)
(

1Nl
)T

δK(z) = 1 (31.a)

δK(z) ∈ {0, 1}Kmax (31.a)

where 〈Kmax〉 = [1, 2, . . . , Kmax]T. Solve (31.a) and obtain the cor-
responding (̂ξ

r
, ẑr,̂δK(z)r

). If SPr ≤ σ (σ is a small value), the
search of z over the nth RP is finished. Set n = n + 1. If n > Np,
then STOP; else, REDO Step 3. If SPr > σ , GOTO Step 4.
Step 4: Based on the results of the subproblem, generate two kinds
of cutting planes
1) Primal Cut:

NCr,Primal =
{

cTxr − λn − ẑrTτ̂ r
n +̂δK(z)

r
n

T
(

π1
n − π2

n

)

= 0, ∀n

Jxr + Lu + M̂zr ≥ e

}

(32)

2) Dual Cut:

NCr,Dual = {eT
̂ξ

r
n − λn − ẑr

n
Tτ̂ r

n +̂δK(z)
r
n

T
(

π1
n − π2

n

)

= 0, ∀n}
(33)

Update CUTr+1 = {CUTr, NCr,Primal, NCr,Dual}, r = r + 1, GOTO
Step 2.

level (FSS-L). For example, for a system with 30 transmission
lines, more than 1.4×105 states exist in the fifth-level FSS.

A sparsification method is proposed to slash the number
of states in the original FSS. The method is implemented
on the subspace of FSS, �zK , corresponding to each contin-
gency level. Two basic principles are suggested to maintain the
same characteristic of the sparsified space, �′

zK to the original
one, �zK :

• Unbiasedness: The times of each line participate in all
states of �′

zK should remain the same so that �′
zK will not be

biased towards certain lines. This property has already been
guaranteed in the original space �zK .

• Representativeness: The overall severity of �′
zK , judged

by the consequence of each state, should be close to that of
�zK . This ensures that �′

zK can drive the DTDP model to
yield more stable results compared to a randomly generated
FSS with the same number of states.

Next, a generation technique of �′
zK is suggested while sat-

isfying the above principles. A large enough non-repetitive
sample matrix SPK is first obtained from �zK by Monte Carlo
method:

SPK =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

SPK1
SPK2

...

SPKs
...

SPKNs

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

z11 z12
z21 z22

· · · z1l

· · · z2l

· · · z1Nl· · · z2Nl
...

...

zs1 zs2

. . .
...

· · · zsl

. . .
...

· · · zsNl
...

...

zNs1 zNs2

. . .
...

· · · zNsl

. . .
...

· · · zNsNl

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(34)
∑

l∈�l

zl = K∀s = 1, 2, . . .Ns (35)

where Ns represent the size of samples in SPK . Let SRPs be
the result of SRP under the sth sampled state before defense
planning, which indicates the severity of its consequence:

SRPs = SRP(u = 0, SPKs) (36)

We further allocate all SRPs into Nm uniformly divided
bins based on their values. The corresponding SRP results
for bin m is gathered in a vector SRPKm with mean
value calculated as SRPbm. SPK is divided accordingly into
SPK1, . . . , SPKNm . Suppose the number of samples in each
bin are Nb1, . . . ,Nbm, . . . , NbNm and �′

zK need to extract N′
bm

samples from bin m. Nbm
′ can be set to:

Nbm
′ = round

(

NbNm

Ns
· ∣∣�′

zK

∣

∣

)

(37)

where |�′
zK | is the desired number of states in �′

zK . Then, an
auxiliary problem is established to pick the reserved states in
�′

zK :

min
∥

∥

∥dev1+ + dev2+
∥

∥

∥ (38.a)

s.t.
[

selTb1selTb2 · · · selTbNm

] · [SPT
K1SPT

K1 · · · SPT
KNm

]T

+ dev1+ − dev1− = K · Ns

Nl
(38.b)

selTbmSRPKm + dev2+
m − dev2−

m = SRPbm,∀m (38.c)

dev2+
m + dev2−

m ≤ Tolm · SRPbm,∀m (38.d)
∥

∥selTbm

∥

∥ = Nbm
′,∀m (38.e)

dev1+, dev1−, dev2+
m , dev2−

m ≥ 0,∀m (38.f)

where selbm represents the selection variable. If selbms = 1,
then sample s from SPKm is selected into �′

zK . The discrepancy
between ideal participation times of each line and its actual
participation times in �′

zK is measured by dev1+ and dev1− in
constraints (38.b). They are minimized in (38.a) to ensure the
unbiasedness of �′

zK . dev2+
m and dev2−

m measure the difference
between selTbmSRPKm (the averaged SRP result of the selected
samples in bin m) and SRPbm in (38.c), which is bounded by
a tolerance level Tolm in (38.d). Together, (38.c) and (38.d)
ensure the representativeness of �′

zK is respected.
Following the solution of (38), �′

zK could be formed by
extracting samples from SPK based on selbm. A simplified
model that replace �zK by �′

zK in (21) can be established. The
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Fig. 3. Diagram of the modified six-bus test system.

TABLE I
PARAMETERS OF LOAD AND GENERATORS IN THE 6-BUS SYSTEM

TABLE II
PARAMETERS OF EXISTING AND CANDIDATE LINES

IN THE 6-BUS SYSTEM

effect of the FSS sparsification method is further discussed in
Section V-B.

V. CASE STUDIES

Case studies have been conducted on a modified 6-bus test
system [36] and the RTS-79 system to demonstrate the advan-
tages of the proposed DTDP model. Candidate transmission
lines are selected by the automatic candidate discovery method
developed in [37]. All cases were carried out on Intel Core
i5-6500 with Gurobi 8.1.0 on MATLAB 2017b.

A. Modified 6-Bus Test System

The diagram and detailed information of the modified
6-bus system is given in Fig. 3, Table I and Table II. The
buses in the system are mapped to the Qingyuan-Meizhou
region of Guangdong Province, China with basic profile
of windstorm events provided by the Tropical Data Center
of China Meteorological Administration [38]. The cyclone
simulation model in [39] was also used to supplement the
data set.

(1) Comparison to the modified DAD model: A modi-
fied DAD model using information theory-based uncertainty

TABLE III
TRANSMISSION LINE SURVIVABILITY UNDER A WEATHER EVENT

TABLE IV
COMPARISON BETWEEN THE PROPOSED

DTDP MODEL AND M-DAD MODEL

set [24] (denoted as M-DAD) is also implemented in this sec-
tion. M-DAD can account for component survivability and is
suitable for comparison. Since the DAD models do not dis-
tinguish between different extreme events, the number of RP
in SPP is set to 1. In this case, DTDP is regarded as a short-
term hardenning problem targeting the imminent event, and
the line construction is prohibited. The budget in (13.c) is set
to 400 m$.

The cost of various hardening plans and the calculated
results of component survivability are given in Table III.
Without loss of generality, the effects of three hardening plans
(denoted as A, B, C) are distinguished by multiplying 0.9,
0.7 and 0.6 to κ in (1), whose base value is given in [40].
The hardening plans are for the transmission line segments as
well as the towers. Plan A denotes the case without hardening
implemention and Plan C denotes the most effective hardening
plan.

Two indices are used to evaluate the performance before
the defense planning and that after the defense planning.
They are WCEL (worst-case expected loadshed) in (8) and
EPNS-E in (5). EPNS-E serves as a benchmark and is inde-
pendently calculated by the Monte-Carlo simulation after the
defense plan is obtained. The M-DAD model considers three
uncertainty budgets (UB): UB = 5, 10, and 15.

Simulation results are shown in Table IV. Note that M-DAD
fails to use up the budget when UB is 5.0 and 15.0. When
the UB is set too low, no failure state will be identified to
justify the adoption of hardening plan. When it is set too
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TABLE V
SYSTEM LOSS INDICES COMPARISON BETWEEN THE PROPOSED DTDP MODEL AND STOCHASTIC OPTIMIZATION MODEL

Fig. 4. Relative improvement compared to M-DAD Model (UB=10.0).

high, no hardening plan will be enough to raise the com-
ponent survivability above the UB. Therefore, the model is
forced to terminate. On the other hand, the proposed model is
free from the influence of UB. Therefore, an optimal defense
plan making full use of the budget can always be obtained.
This characteristic is particularly valuable due to the fact that
the survivability of transmission network during a windstorm
is usually higher than the overhead lines in a distribution
network [41], making it more difficult for the decision maker
to find an appropriate UB.

Even when the budget is completely used in both mod-
els, the DTDP is able to find a better plan than M-DAD
(UB=10.0), as it results in lower WCEL and EPNS-E. To
further illustrate the performances, both models are applied
to 50 different extreme events. The relative improvement of
DTDP compared to M-DAD is calculated and represented as
a PDF plot in Fig. 4. The majority of the plot lies on the
positive axis, indicating the superiority of DTDP in resource
allocation. Actually, the average improvement on EPNS-E and
WCEL are 26.1% and 17.0% respectively.

(2) Comparison to the stochastic optimization model. In
this section, performance of the proposed DTDP model is

compared with that of the stochastic optimization (SO) model
in terms of the loss indices WCEL and EPNS-E. For SO, the
technique in [12] is used to reduce the number of scenarios and
the method in [14] is applied to capture the decision-dependent
uncertainty caused by line hardening.

Table V shows the results of WCEL, EPNS-E, and com-
putation time by the proposed DTDP and SO methods. For
DTDP model, 100 events are included in the target event set.
Different numbers of RPs, Np, were considered. For stochastic
optimization, Ns failure scenarios are included for each repre-
sentative extreme event. Thus, there are Ns×Np scenarios in
total. It is observed from Table V that the DTDP model can
deliver satisfactory results even with a few RPs. The results
converge quickly as the number of RPs increases. Another
important finding from Table V is that DTDP can obtain plans
that perform better in terms of both WCEL and EPNS-E,
although DTDP is designed to minimize WCEL, which is
essentially a robust upper bound on EPNS-E. On the other
hand, SO fails to obtain a stable approximation of EPNS-E
(by comparing the column of obj. and EPNS-E) and its com-
putation time grows rapidly when the number of scenarios
increases.

(3) Effectiveness of line construction and hardening. To
investigate the respective contribution of line construction and
hardening under different budget, three options are considered.

S1: Line construction and line hardening are permitted.
S2: Only line construction is permitted.
S3: Only line hardening of the existing line is permitted.
The effects of defense strategies on WCEL are evaluated

under various budget constraints ranging from 0 to 1,500 m$.
Fig. 5 illustrates the system loss under various defense options
and budget. It is observed from Fig. 5 that the loss index
WCEL are gradually declined as the budget is increased. In
S2, the construction of different lines could have disparate
effectiveness. For example, WCEL in S2 drops dramatically
when line 8 is built under the 100 m$ budget since it connects
the generation bus 1 and the load bus 5. This effect is less
pronounced when more lines are built. On the other hand,
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Fig. 5. System loss under different defense options and budget.

TABLE VI
DEFENSE MEASURE UNDER DIFFERENT

DEFENSE BUDGET IN SCENARIO 1

the hardening strategy (S3) lowers the WCEL in a smooth
but slow manner. Consideration of both the line construction
and the line hardening strategies yields better results than just
a single strategy.

Table VI details the defense plan and the corresponding
WCEL in S1 to further elucidate the effect of budget con-
straint. Raising the budget is effective in reducing the WCEL
when system resilience is relatively low. For example, WCEL
could be reduced from 32.73 MW to 26.98 MW by merely
hardening line 4. Besides, when the budget is raised from
600 m$ to 800 m$, the hardening plan for line 4 changes
from Plan C to Plan B. This allows lines 1, 5, and 10 to be
hardened. This change indicates that the number of hardened
lines is more important than the hardening level under this
circumstance.

(4) Effect of target event selection: Section II has discussed
the effect of target event selection on the DTDP model. Here,
the severity of target events is used to verify such effect. The
severity of target events can be divided into five classes based
on their EPNS-E before planning. Class 1 denotes the events
with EPNS-E in the range of [0, 4) MW, and Class 5 denotes
that higher than 12 MW. The effectiveness of the defense plan
is further checked under three budget levels: low investment

TABLE VII
EFFECT OF DTDP AGAINST TARGET EVENTS OF DIFFERENT CLASSES

TABLE VIII
SUMMARY OF RTS-79 NUMERICAL EXAMPLE

(300 m$), medium investment (600 m$), and high investment
(1000 m$).

Table VII shows the WECLs of various classes with dif-
ferent budgets. It is observed from Table VII that the target
events with higher severity produce larger WCEL outputs of
the DTDP model. This shows that higher budget is required
to reduce WCEL to a desired value. For example, low invest-
ment is sufficient to keep the WCEL of class-3 events under
20 MW, whereas high investment is needed to achieve the
same objective for class-5 events.

Moreover, the defense planning tends to have smaller impact
on the extreme events of higher classes under the same amount
of budgets. The defense plan with low investment deteriorates
faster than that with high investment. For example, the WCEL
of class-5 events with low investment is reduced by 39.8%
from that with no investment, while that with high invest-
ment is reduced by 61.2%. Thus, with the increased severity
of extreme events, the decision maker may consider to raise
the investment to maintain the same level of performance
improvement.

(5) Influence from the number of target events: The impact
of the number of target events (level-3) on system loss is illus-
trated in Fig. 6, which displays the WCELs with and without
the Wasserstein metric. It can be seen from Fig. 6 that, in
both cases, WCEL decreases as the number of target events
grows. This means that the DTDP model possesses a better
understanding about the pattern of extreme events when more
information is available. Thus, less conservative estimates of
WCEL could be obtained.

The convergence curve with Wasserstein metric performs
better than that without Wasserstein metric because the former
obtains smaller WCEL even when only a few events serves
as inputs. This property is particularly useful considering that
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TABLE IX
OPTIMAL DEFENSE PLANS OF RTS-79 NUMERICAL EXAMPLE

Fig. 6. Impact of the number of identified target events on WCEL.

the information about extreme events is limited compared to
weather profile under normal condition.

B. Modified RTS-79 System

A modified RTS-79 system is used to demonstrate the
performance improvement of the FSS sparsification method on
the DTDP model. The whole system is divided into 6 regions
as in Fig. 7. For an individual extreme event, the lines in the
same region are assumed to undergo the same weather pat-
tern. The approximate metric WCSDR is used to filter the
target events. The transmission capacity of all lines is modi-
fied to 0.6 p.u. The maximum level of failure state is set to 7.
Detailed information is summarized in Table VIII.

For low contingency level failure states, the original FSS is
used. For those with high contingency level (≥4), their FSS is
sparsified using the method in Section IV-B. The total num-
ber of states in the sparsified FSS is set to 2×103, 4×103,
8×103, and 1.6×104 for Cases 1 to 4, respectively. Two addi-
tional cases are added. Case 0 implements no defense measure.
Case 5 is similar to Cases 1 to 4 except that the sparsification
method is not used.

The optimal defense plans are shown in Table IX. They are
described as in the columns of hardened transmission line and
the constructed candidate line. Columns of ˜W and ̂W denote
the results of the DTDP objective function (8). ˜W is directly

Fig. 7. Weather regions of the RTS-79 system.

calculated from each case and ̂W is obtained by applying the
defense plan of each case to the setting of Case 5. The average
EPNS-E (E) is obtained by averaging out system performance
after planning under 25 extreme events out of �TE. Both ̂W
and E indicate the quality of solution.

It can be seen from Table IX that, in all cases, 15 lines
are hardened and 4 new lines are constructed. The cases with
fewer failure states return smaller ˜W, indicating that the loss
of load is underestimated compared to the Case 5. This may
slightly lower the quality of the solution because their ̂W and
E are higher than case 5. Nonetheless, all cases are able to
reduce ̂W by more than 50 % and E by 85 %. The only excep-
tion is case 1, which means that deterioration in the solution
quality is acceptable. Increasing the number of states in FSS
also delivers better solutions.

The test was repeated 30 times to evaluate the robustness
and efficiency of the proposed sparsification method. Table X
shows the 90% confidence interval of ˜W. It can be seen from
Table X that lengths of the confidence intervals for all cases
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TABLE X
ROBUSTNESS AND EFFICIENCY TEST OF RTS-79 NUMERICAL EXAMPLE

Fig. 8. The current bound returned from the master problem versus the
iteration steps.

are within 6 % of their median. This implies that the method
can yield stable outputs with the same number of failure states.
The average CPU time and the number of iterations are also
listed. The simplified model using the sparsification technique
saves up to 91.32% computing time. It is more efficient when
fewer states are reserved in the FSS. In conclusion, a tradeoff
between efficiency and quality can be achieved by tuning the
number of states for the sparsification method.

The evolution of current bound for Case 4 and Case 5 in
Section V-B is illustrated in Fig. 8. Both cases are able to
converge within finite iterations. Case 4 stops at a lower point
compared to Case 5. This is due to the fact that only a portion
of failure states is considered by the FSS sparsification method.
The number of iteration as well as the average computation
time consumed for each iteration in Case 4 are less than that
in Case 5. The reasons for this efficiency improvement are:

1) FSS in Case 4 is curtailed. Thus, fewer failure states need
to be included in the master problem of Algorithm 3 to ensure
that (28.a) holds.

2) The curtailed FSS also contributes to the searching effi-
ciency of subproblems due to the reduction of its feasible
region.

VI. CONCLUSION

In this paper, a four-level distributionally robust
optimization-based model has been presented for the
data-driven defense planning of transmission network against
extreme events. The probabilistic information derived from
extreme events are selected by the proposed criterion and
included in the model. Furthermore, efficiency of the model
is greatly improved using the FSS sparsification method.
Case studies on a 6-bus system and modified RTS-79 system

demonstrate that the proposed model is able to describe
extreme events by past information instead of human-made
uncertainty budget; consider the impact of line hardening
and line construction simultaneously; minimize the average
economic loss under the worst-case probability distribution,
and reduce the conservatism.

Findings of this study include the following:
1) Consideration of the failure state probability in the
DTDP model yields a better defense plan regarding the
system loss indices in comparison to that of the DAD models.
2) The proposed DTDP model outperforms the stochastic
optimization method in terms of EPNS-E by minimizing the
worst-case expected loadshed (WCEL). 3) Larger investment
in defense planning is more likely to maintain consistent
performance improvement against the extreme events of
different levels. 4) Large historical data on extreme events
enable the reduction of the estimated value of WCEL for the
DTDP model and thus its conservatism.

Future work will focus on the extension of the proposed
DTDP model 1) to consider the sequential line failures
during extreme events, and 2) to coordinate with the trans-
mission system restoration after the events. Possible tasks
to be performed include the addition of more checkpoints
along the timeline of extreme events and the incorporation
of transmission line repair into the optimal system response.
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